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Abstract

There is experimental evidence that a recently proposed subspace algorithm based on predictor
identification, known also as “whitening filter algorithm”, has a behavior which is very close to prediction
error methods in certain simple examples; this observation raises a question concerning its optimality. It
is also known that time series identification using the Canonical Correlation Analysis (CCA) approach
is asymptotically efficient. Asymptotic optimality of CCA has also been proved when the measured
inputs are white. For these reasons CCA provides a natural benchmark against which other subspace
procedures should be compared. In this paper we study the relation between the standard CCA approach
and the recently proposed subspace procedure based on predictor identification (PBSID from now on).

Even though PBSID is consistent regardless of the presence of feedback, in this paper we work
under the assumption that there is no feedback to make the comparison with CCA meaningful; it is
shown that CCA and PBSID are asymptotically equivalent precisely in the situations when CCA is
optimal. The equivalence holds only asymptotically in the number of data and in the limit as the past
horizon goes to infinity. We also show that a slightly modified version of PBSID behaves no worse than
CCA also for non-white input signals.

The results of this paper imply that the “optimized” PBSID, besides being able to handle feedback,
is to be preferred to CCA when there is no feedback; only in very specific cases (white or no inputs)

the two algorithms are (asymptotically) equivalent.

I. INTRODUCTION

A certain number of subspace algorithms have been developed during the last two decades.

For time series identification, i.e. when there are no observed inputs, the algorithm developed
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by Larimore [33], [34], Van Overschee and De Moor [44] is known to provide asymptotically
efficient estimators' [5]. Sometimes this algorithm goes under the name of CCA (or CVA)
to remind that the state construction is performed using Canonical Correlation Analysis [29],
as pioneered by Akaike [1], [2] and Desai and Pal [20]. The same ideas can be applied also
when there are measured inputs, provided the canonical correlation analysis between “past” and
“future” is performed “conditionally” on the future inputs [34], [32], [46]. It has become standard
in the area of subspace identification to use the acronym CCA (or sometimes CVA) for this class
of algorithms (with inputs [34], [39], [46], [32], [7], [4] or without inputs [33], [5]); we shall
henceforth use the same terminology (CCA) also in this paper.

Besides CCA, the most widely known procedures go under the acronyms N4SID [45], and
MOESP [47]. Recently several researchers have studied the asymptotic statistical properties
of these algorithms [3], [30], [6], [7], [4], [13], [15] and compared, to some extent, existing
procedures [7], [4], [14]. Also optimality of the CCA method when measured inputs are white
has been established in [7]. The situation is not clear when inputs are not white. The interested
reader is referred to the paper [7].

It is our opinion, as has already been stressed in [18], that some new ideas have been introduced
into the field by the study of subspace algorithms in the presence of feedback.

It is well-known in fact that standard procedures such as MOESP, N4SID, CCA, are not con-
sistent when data are collected in closed loop. Very recently two subspace procedures have been
introduced by Qin and Ljung (“innovation estimation algorithm”, [40]), and Jansson (SSARX,
[31]) which, to some extent, are able to deal with feedback. A related algorithm is discussed
also in [35]. The recent work [17] studies the statistical consistency of these two algorithms.
In [17] also a “geometrical” version of the SSARX algorithm proposed by Jansson [31] was
introduced and called “whitening-filter” algorithm.

This procedure forms the basis of our analysis and will be referred to as the “predictor-based
subspace identification” (“PBSID” for short) algorithm in this paper. We refer the reader to the
paper [18] for an explanation of this terminology; in [18] also the relation between classical

PEM and PBSID has been investigated and similarities pointed out. For reasons of space we

! Asymptotically both in the number of data and “past” and “future” horizons. The word “efficient” is always used assuming

Gaussian innovations in this paper.
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shall not discuss further this issue here.

It has also recently been proved (see [10]) that PBSID [17] and SSARX [31] are asymptotically
equivalent. This relation further motivates the analysis of this paper; the results contained in
[10] also suggest that there is a close connection between PBSID (and possibly its optimized
version presented here) and VARX (Vector AutoRegressive with eXogenous inputs) modeling.?
For reasons of space we shall have to postpone a more detailed analysis of this relation to future
work and refer the reader to the paper [10] for some preliminary results.

Experimental evidence shows that the behavior of PBSID/SSARX algorithm cannot be distin-
guished to any practical purpose from PEM in a number of simple examples; see the simulations
reported in [31], [17].

Using some recently derived formulas (see [11]) for the asymptotic variance of PBSID one
can verify that it is efficient in a number of examples when measured inputs are white. This
observation raises the question: is PBSID optimal and, if so, under which conditions?

We believe therefore that the relation of this procedure with more classical approaches is
worth studying; some preliminary results have been presented in the paper [9].

Most of the literature on the analysis of subspace methods (see [4] for a recent survey) has
concentrated on “open-loop’ procedures. It is well-known (see [5]) that the CCA algorithm
developed in [33], [44] is efficient for time series identification and optimal (see [5], [7]) for the
white input case. It is also conjectured, even though not yet formally proved, that indeed CCA 1is
efficient also for white inputs. It is therefore quite natural to compare new subspace algorithms
to CCA, which provides a sort of lower bound on the achievable accuracy in the situations
mentioned above by subspace procedures. Of course the comparison makes sense only in the
situations where the CCA algorithm is consistent, i.e. when there is no feedback. Therefore, even
though PBSID works regardless of the presence of feedback [17], [18], [31], in this paper we
shall work under the assumption that no feedback is present. See [25], [23], [17] for a formal

definition. The main contributions are as follows:

1) we show that PBSID is asymptotically® equivalent to CCA in the time series case and also

when measured inputs are white (see Section IV and Theorem 4.1).

2As an anonymous reviewer was suggesting.

3Both in the number of data and in the length of the past horizon, see Section II for a precise definition.
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2) we introduce an “optimized version” of PBSID which performs no worse (in the sense
of asymptotic variance) than CCA regardless of the input spectrum (see Section V and

Theorem 5.3); the “optimized” PBSID can handle closed loop data as PBSID does.

The reason why equivalence does not hold with arbitrary input signals will be made clear
later on. Suffices it to say that standard procedures use ‘“unnecessary” future input data in
the regression used to construct the basis for the state space, meaning that present outputs are
regressed both on past joint input-output and future inputs [45]; PBSID instead enforces causality
of the predictors (see formula (19)); state constructions advocating for causal predictors have
already been proposed in [39], [32], [40], [41]. In the white input case these “unnecessary future
input data” are uncorrelated with past input and output and present output and therefore do not
influence the statistical properties (as briefly discussed in [39], page 168).

These are, we believe, important steps in understanding “predictor based” subspace identi-
fication; the results imply that the PBSID algorithm is asymptotically optimal for time series
identification and for identification with white exogenous inputs and also that its “optimized
version” is always to be preferred to CCA. In addition, recall that both PBSID and its optimized
version have a much wider range of applicability than CCA, being able to deal with closed loop
data.

The question regarding optimality in more general cases remains open of course; simulation
results and computations based on the asymptotic variance expressions (see Section VI) suggest
that PBSID is a candidate for being efficient also for colored input. In the particular example
of this paper, the best (in terms of asymptotic variance) performance is reached, for colored
input, when the future horizon is chosen equal to the state dimension, departing sharply from
the behavior of CCA with white inputs (see [7]).

The structure of the paper is as follows; in Section II we introduce some basic notation. The
details of the two algorithms analyzed are reported in Section III while Section IV contains the
statement of the result regarding white (or absent) inputs. Section V contains the results for
general input signals; first the modified PBSID algorithm is presented and then its relation to
CCA is established in Theorem 5.3. Section VI contains some simulation results and in Section
VII we report some conclusions and discussion on future work. Part of the proofs are deferred

to the Appendix.
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II. BASIC NOTATION AND PRELIMINARIES

Let {y(t)},{u(t)} be jointly (weakly) stationary second-order ergodic stochastic processes of
dimension m and p respectively, which are respectively the output and input signals of a linear

stochastic system in innovation form
x(t+1) = Ax(t) + Bu(t) + Ke(t)
y(t) = Cx(1)+ Du(t) +e(t)
We assume that there is no feedback from {y(t)} to {u(¢)} [25], [8], [23]. Without loss of

t> 1. (1)

generality we shall assume that the dimension n of the state vector x(t) is as small as possible,
i.e. the representation (1) is minimal. For simplicity we assume that D = 0, i.e. there is no
direct feedthrough* from u to y. This setup also encompasses time series identification (i.e. no
measured inputs) provided one lets B =0, D =0 in (1).

For future reference we define A := A — KC and let p := )\mam(A) be an eigenvalue of
maximum modulus of A; we shall assume that both |p| and |\,,..(A)]| are strictly less than 1.

The white noise process e, the innovation of y given the joint past of y,u, is defined (see
formula (6)) as the one step ahead (linear) prediction error of y(t) given the joint (strict) past
of u and y up to time t.

The symbol I shall denote the identity matrix (of suitable dimension), A" shall denote the
transpose of the matrix A, ||Al|, shall be the 2-norm. For a symmetric positive semidefinite
matrix A = AT > 0 the symbol A'/? shall denote (slightly different from the standard notation)
any matrix such that A = AY2(AY/%)T,

Our aim is to identify the system parameters (A, B, C, K), or equivalently the transfer func-
tions F(z) = C(2I — A)™'B and G(z) = C(2I — A)"'K + I, starting from input-output data
{ys,us}, s € [to, T + N], generated by the system (1).

In this paper we are interested in assessing the quality, i.e. variance, of the subspace estimators;
therefore we shall have to deal with random fluctuations due to finite sample length (e.g.
approximating expectations with finite time averages, etc.). The analysis of this paper will

be concerned with asymptotic distribution and variance, i.e. quantification of these random

“This assumption can be removed in our situation but is useful when there is feedback, see [25], [8], [23], [17]. Since the
“predictor based” algorithm is designed to work without assumptions on the feedback structure we prefer to keep D = 0 also

here.

September 27, 2006 DRAFT



fluctuations for “large samples”. Our concern is to show the link between CCA and “predictor
based” algorithm asymptotically as the number of data N goes to infinity.

We shall use the standard notation of boldface (lowercase) letters to denote random variables
(or semi-infinite tails). Lowercase letters denote sample values of a certain random variable.
For example we shall denote with y(¢) the random vector denoting the output or equivalently
the semi-infinite tail [y; Y11, ... Yirk -..| Where y; is the sample value of y(t). It can be
shown (see [37], [16]) that the Hilbert spaces of random variables of second order stationary
and ergodic process and the Hilbert space of semi-infinite tails containing sample values of the
same process are isometrically isomorphic and therefore random variables and semi-infinite tails
can be regarded as being the same object. For this reason we shall use the same symbol without
risk of confusion.

We shall instead use capitals to denote the tail of length N. For instance Y; := [y; Y441, - Yern—1]s
Up = [ug Uy1, ... uen—1) and Z; := [Y," U ]T. These are the block rows of the usual data
block Hankel matrices which appear in subspace identification.

Recall that, in order to deal with realistic algorithms which can only regress on a finite amount
of data, in subspace identification one usually keeps finite past and future horizons. This setting
we describe as using data from a finite observation interval. The analysis reported in this paper
requires that both N, the length of the finite tails’ and the past horizon t — t, ® go to infinity.
We remind the reader that ¢t — ¢y has to go to infinity at a certain rate depending on the number
N of data available. Details can be found, for instance, in [7] where the following assumption
is made:

Assumption 2.1: The past horizon ¢ — ¢y goes to infinity with /N while satisfying:

t—tg > laN2 <o
log|pl )
t—ty=o0(log(N)*) a<o
The first condition states that ¢ — ¢, goes to infinity “fast enough” as compared to the predictor

dynamics (eigenvalues of A), while the second ensures that it grows slower than logarithmically
(to some power «) in the number of data points. This assumption shall be made throughout.

The first condition, together with |p| < 1, implies that (A — KC)'% = o(1/+/N); therefore the

SThis is the parameter j in the notation of Van Overschee and De Moor [45] i.e. the number of columns in the block Hankel

data matrices used in subspace identification.

®The number of block rows in the block Hankel data matrix containing the past data.
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difference between the stationary predictor (i.e. the predictor based on past data in (—oo, t)) and
its truncated version (i.e. using past data in a finite window [to, t)) is o(1/v/N) and therefore can
be neglected for the purpose of asymptotic analysis. Moreover, (2) ensures that, when regressing
onto past data and taking the limit as N goes to infinity, the computation of sample covariance
matrices of increasing size (with ¢ — ;) does not pose any complication in the sense that their
limit is well defined and equal to the population counterpart (see the discussion after Lemma 4
in [7]).

For ty < t < T we define the Hilbert space Uy, ¢ of random (zero mean finite variance)

variables

Uy, ey = Span{up(s); k=1,...,p, tp <s<t}

Yo,y = span{yw(s); k=1,...,m, to <s<t}
the bar denotes closure in mean square, i.e. in the metric defined by the inner product (&, n) =
E{¢n} where E{-} denotes mathematical expectation. Closure is necessary since ¢, might go to
—o0. These are the past spaces at time ¢ of the processes u and y. Similarly, let Uy, 7y, Y, ) be
the future input and output spaces up to time 7'. The length 7' — ¢ of the future will be denoted
with v := T — ¢ while we define v :=v — 1.

We define the joint future, Zj, 1) := Uy, 7 V Y, 77 and joint past Zy, ) = Upe, ) V Yo, 0)
the V denoting closed vector sum. By convention the past spaces do not include the present.
When t; = —oo we shall use the shorthands U; , Y; for U_w 1), Y(—oo,r)> and Z; :=U; VY, .
Subspaces spanned by random vectors at just one time instant (e.g. Uy, ;), etc) are simply denoted
Uy, etc. while for the spaces generated by u and y when ¢ goes from —oo to +00 we shall use
the symbols U, Y, respectively.

With a slight abuse of notation, given a subspace A C U V Y, we shall denote with E[- | A]
the orthogonal projection onto A, which coincides with conditional expectation in the Gaussian
case. Given two non-intersecting subspaces A CUV Y, B CUV Y, ANB = {0}, Eyz[ | Al
shall denote the oblique projection onto A along B (see [24], [16]).

We adopt the notation Xy, (= E [abT} to denote the covariance matrix between the zero
mean random vectors a and b. In the finite dimensional case the orthogonal projection of the

random vector a onto the space C := span{c} spanned by the vector ¢ will be given, provided
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Ycc 1s invertible, by the usual formula
ElalC] = S X c.

Defining the projection errors a := a — E[a|€] and b := b — E[b|€], the symbol Yable Will
denote projection error covariance (conditional covariance in the Gaussian case) Xapjc 1= Xy =
Yab — VacXea Deb- If we denote B := span{b}, € := span{c}, and assume that B N € = {0},

the oblique projection Ejs [a|C] can be computed using the formula:
B3 [al€] = SacpXegpC- 3)

We shall also use the notation: yj;q := | y'(t) y (t+1) ... y'(s) }T and the short-
hands y* := yp 71, and 0" = up 7.

Similarly the (finite) block Hankel data matrices will be denoted as Y|, 5 := [ YtT YtL . YST

Sample covariances of finite sequences will be denoted with the same symbol used for the
corresponding random variables with a “hat” on top. For example, given finite sequences A; :=
las, atyq.., appn—1] and By == [by, byyq.., by nv—1] containing sample values of the processes {a(t)},

{b(t)}, we shall define

A BT
Xl = A

Under our ergodic assumption 1\;5{130 Zab =5 I

Similarly, given a third sequence (say C; := [¢y, Cii1, -, Ctan—1])s Yablc 18 defined as Ygp)c 1=
Sab EaCE DI Orthogonal and oblique projections on spaces of finite tails will be denoted
with the symbol E; e.g. E [-|Ulto.)] Will be the orthogonal projection on the space generated by
the rows of Uy, ) and EA”U[LT] [-| Zito,1)] Will be the oblique projection along the space generated
by the rows of future inputs U, 7} onto the space generated by the rows of the joint past Z, 4

[24]. As above, the oblique projection can be computed using the formula:
Eyp, [A|Cy] = ac|bECC‘th 4)

When projecting onto the space generated by the rows of two (or more) matrices, say 5; and
C, we shall use the notation E [-| B, C}]
All through this paper we shall assume that the joint process is “sufficiently rich”, in the sense

that Z;,, 77 admits the direct sum decomposition
Zito, 71 = Lfto,t) + Lft, 7] oy <t<T )
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the + sign denoting direct sum of subspaces. The symbol & will be reserved for orthogonal
direct sum. Various conditions ensuring sufficient richness are known. For example, it is well-
known that for a full-rank purely non deterministic (p.n.d.) process z to be sufficiently rich it
is necessary and sufficient that the determinant of the spectral density matrix ®, should have
no zeros on the unit circle [28]. Therefore, whenever needed, we shall make the following
assumption:

Assumption 2.2: The joint spectrum ®, is bounded and bounded away from zero on the unit

circle, 1.e. 30 < ¢ < M < oo s.t.

cl <®,(e?) < MI Ywe|0,27)
Whenever necessary we shall assume that (5) holds also for finite sequences, i.e. that Z, 77 is
of full row rank; note that this will hold almost surely for ergodic sequences once (5) is satisfied.
With the notation introduced above the innovation process e(t), i.e. the one step ahead (linear)

prediction error of y(t) based on the joint past Z, is written in the form

e(t) :=y(t)—E[y(t)|Z/]. (6)

We shall use the symbol &; to denote the space generated by the components of e(t); we also
define A := Var{e(t)}.

Given a sequence of random vectors vy we say that v/Nvy is asymptotically normal if
VNv N converges in law to a Gaussian random vector. The variance of the limiting distribution
is called asymptotic variance of v/ Nvy. If the number of elements in the random vector vy
increases with [NV, we shall need a slight extension of the definition of asymptotic normality (see
[36]).

We shall say that v Nvy is asymptotically normal if the random variable /N nyvy is
asymptotically normal for any column vector 7y (of suitable dimensions) satisfying Assumption
2.3 below:

Assumption 2.3: (1) IM < oo : VN nyny < M; (i) In € £y : limy .o H[n; 0] — 77TH2 =
0 and (iii) limy_.. Var (VNnivy) = ¢ < 0.

With some abuse of terminology, we shall talk about asymptotic variance matrix also for

vectors of increasing size. For instance when we shall say that v/ Nvx has asymptotic variance
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Yoos (With || 24|, < 00)7 we shall really mean that the asymptotic variance of v Nnyvy is
n" Yoon. Similarly, given two asymptotically normal random vectors vy and wy, we shall say
that AsVar {v/Nvy} > AsVar {/Nwy} if, Yy AsVar {V Nnivy} > AsVar {V Nniwy}.
Convergence allows to deal with the expressions for N = oo rather than with the limit, as done
also in [7].

Given two sequences of random variables x and gy, we shall say that xy = op(gy) if,
Vo >0,

limy_P[| xy/gn |[> 0] =0

The notation xy = O(gy) means that the sequence x, /gy is bounded almost surely, i.e.
lim supy_Xn/8n < M a.s.

for some 0 < M < oo. The symbol Op(-) has the same meaning in probability i.e. xy =
Op(gn), if, Ve, AM s.t.
supy P[| xn/gn [> M] <€

Similarly o(-) shall denote a.s. convergence to zero, i.e. Xy = o(gy) means that

limNHooxN/gN:O a.s.

If both x and gy are deterministic sequences, say =y and gy, then xy = o(gy) has the

usual meaning

limN_,OOxN/gN = 0.

The symbol = shall denote equality up to op(1/v/N) terms, which we shall call asymptotic
equivalence. In fact, from standard results in asymptotic analysis (see for instance [21]) terms
which are op(1/ VN ) can be neglected when studying the asymptotic statistical properties.
We shall use the notations op(-), Op(+), o(+) or O(-) to denote random matrices (of suitable
dimensions possibly depending on N) which elements are respectively op(-), Op(-), o(-) or
O(-); (e.g., given random matrices V. and V2, the notation V3, = V2 + 0,(1/+/N) means that
the elements of V3 — V2 are op(1/v/N)).

"This shall be guaranteed by the fact that the elements of X, shall go to zero exponentially as a function of the difference

between row and column indexes.
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We shall also use the same symbol (=) when the difference in the equated terms produces
nonsingular change of basis Ty (up to op(1/ VN ) and satisfying limy_ Ty = I) in the
estimated state sequences. In fact also these differences may be discarded as far as estimation of
system invariants are concerned. For instance, if x; and x5 are two candidate state variables, we
shall write x;=x, if there exists a non singular TN, with limpy_, o TN = 1, so that x; — TNXQ =
0p(1/VN).

Note also, for future reference, that if xy = O(fy) and yy = O(gn), then xyyn = o(hy)
provided fygny = o(hy). Recall also that almost sure convergence implies convergence in
probability which, in particular, means that xy = o(1/v/N) implies xy = op(1/v/N).

When dealing with tail matrices, e.g. A; and B;, containing the sample values a;;, b1,
i = 0,..,N — 1 of the random vectors a(t) and b(t), the notation A,=B; really means that
a(t)=b(t).

For future reference we also define the extended observability matrices

o o
CA CA

[y = | CA2 ., = | cA2 (N
| CAF | | CAF |

and the Toeplitz matrices containing the Markov parameters of the “stochastic” part:

[T 0 0]
CK I 0

Hy = . . R ®)
| CAFIK CAMK LT |

Whenever needed we shall also make the following assumption on the innovation process e(t)
Assumption 2.4: Let F, be the o-algebra generated by the random variables {y(s), —oco <
s <t} and {u(s), —oo < s < oo} (past outputs and past plus future inputs). The innovation

process e(t) is an F,_,-martingale difference sequence with constant conditional variance, i.e.

Ele(t)|F;-0] = 0
Ele(t)e’ (t)|F 4] = A

€))
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III. STATE SPACE CONSTRUCTION

It is well known [44], [45], [37], [16] that identification using subspace methods can be seen
as a two step procedure as follows:

1) Construct a basis X; for the state space via suitable projection operations on data sequences
(block Hankel data matrices).

2) Given (coherent) bases for the state space at time ¢ (Xt) and ¢+ 1 (Xt+1) solve

Xt+1 ~ AXt + BUt + KEt (10)
}/; ~ CXt + Et

in the least squares sense.

Different subspace algorithms have different implementations of the first step while the second
remains the same for virtually all algorithms which follow the so called “state” or “Larimore”
approach [4]; in this paper we shall not be concerned with algorithms based on the so-called
“shift invariance” (or MOESP-type) methods [4]. For this reason we compare algorithms on the
basis of step 1). We shall identify procedures which are (asymptotically) equivalent, modulo
change of basis, as the first step is concerned.

To make this statement precise, we report the following result which has been extensively
used in the literature on asymptotic analysis of subspace procedures [4], [13], [30]:

Proposition 3.1: Assume th and Xf are two candidate state sequences where
X/ =X7 (11)
and assume a similar property holds also for the state at time ¢ 4 1. Then the least squares esti-
mators A, BY, ', K' and A%, B2, C?, K2 of A, B,C, K obtained from (10) using respectively
X! (Xt1+1) and X2 (Xf+1) are asymptotically equivalent (modulo change of basis).
Proof: See Appendix A. [ |
Remark III.1 We remind the reader that for ¢, finite the estimation of the Kalman gain K

involves the solution of a Riccati Equation. See for instance [44], [45], [37]. The situation is

different here since ¢, is let going to —oco according to Assumption 2.1 O

In this Section we shall review the state construction step for the CCA algorithm [33], [7]

and for the PBSID algorithm [31], [17].
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A. CCA Algorithm

The basic object which allows to construct a basis for the state space is the “oblique predictor”

~

Yiry = By Yo | Ziy)] =
= ToByu,r (Xt | Ziow) + HoEyu, 1y [Brr-1 | Ziton)] (12)
~ FpXt.

The approximate equality has to be understood in the sense that, asymptotically in NV

Yier-1 = B, [}’[t,T—l} | Z{} = I'px(1) (13)

holds. The matrix Y[,;T_l] has full row rank for finite V.
The reduction to rank n, the system order, is implemented via the weighted singular value

decomposition
WC’éAY[t,T_l] = UsSv’

- S, 0 Al (14)
= [Un U] ~ ~
0 Sy, v
The CCA algorithm corresponds to the choice
Weea = 5% ar- (15)

An estimate of the observability matrix is obtained discarding the “less significant” singular

values (i.e. pretending S, ~ 0) from®
[y = WooaUnT (16)

where 7' can be any non-singular matrix providing a choice of basis. We acknowledge that
the presence of the matrix T may appear non-standard. Standard procedures correspond to the
choices 7' = I or 7' = Si/?. 1t is useful in the analysis reported in this paper to make a specific

choice of 7" which shall guarantee that the estimated system matrices converge regardless of the

8The reader may argue that this procedure differs from the original CCA by the choice of a “right” weight. We remind
that this “right weight” has no influence on the asymptotic accuracy of the estimates using the so called “state approach”, i.e.

implementing step 2) above. See for instance [7], [13].

“We do not discuss order estimation in this paper. We shall always assume that the correct order is selected.
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possible ambiguities, due to orientation of singular vectors and multiple singular values (if any),

in the SVD (14). To this purpose we propose to use
T:=UW5i,ls (17)

where ['; is the “true” (but unknown) observability matrix. The reader may argue that such
choice is infeasible in practice; we stress however that such T serves only for the purpose of
asymptotic analysis and need not be known when implementing the algorithm. In fact, for a
fixed data size N, the choice of 7' influences only the basis in which the system matrices are
estimated and hence does not affect any system invariant; the choices T=IorT-= S}/ * are
usually made as mentioned above.
Lemma 3.2: The estimator f; in (16), with the choice of T in (17) converges a.s. to ['; as
N — oo.
Proof: See Appendix A. [ ]
Defining the left inverse I';* := <f;WECT i Af‘;,) - TTW5d Wk, a basis for the state
space is constructed from:
X0 = Iy (18)
X594 = FELEHU[HLT] Vi1 | Zio sy
These formulas for constructing the state space at time ¢ and ¢+ 1 are discussed and motivated,
for instance, in [13], pp. 276-277.
Remark III.2 We remind that all weighting matrices are in practice data dependent. However,
for the purpose of asymptotic analysis, data dependent weights (say Weea) can be substituted
with their (a.s.) limit (say Weea), as discussed for instance in [6], [7], [4], [13].
Therefore, to streamline notation, we prefer to work directly with the population version of
all weights. O

We quote now a result which first appeared in [7] which shows that the CCA weight Weoeog =
$1/2

yty+|a+ can be substituted with [H,(I®A)H]]"/? without changing the asymptotic properties.

For completeness we give a proof of this result in Appendix A.

Lemma 3.3: (Bauer-Ljung [7]) Assume the parameters are estimated following steps 1) and
2) above and the state is constructed according to (18). Then any choice Weea = [Hy(I ®
A)H] +T,3T Y2 with ¥ = X > 0, provides the same asymptotic accuracy of the estimators

of any system invariant.
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Proof: See Appendix A. [ ]
This fact will be useful later on to study the relation between CCA and predictor-based
subspace identification.
Remark III.3 With some abuse of notation we can denote with XfCA any state sequence
resulting from a choice of Wgea of the form Woey = [Hy(I @ A)H] + T, %I1]Y/2 for some
¥ = X7 > 0. Lemma 3.3 ensures that these state sequences are asymptotically equivalent as
far as estimation of system invariants is concerned, but may differ for a nonsingular change of

basis of course. From now on we shall always use Weey := Hy (1 @ AY?). O

B. PBSID algorithm

This algorithm inherits its name from the similarity with PE methods and from the fact that it
is based on identification of the predictor model. As mentioned in the introduction, this algorithm
was introduced in [17], inspired by [31], under the name “whitening filter algorithm”. For reasons
of space we shall refer the interested reader to the paper [18] for further comments regarding
the relation between PBSID and PEM.

The construction of the state space using this algorithm is slightly more complicated and

involves several oblique projections. First of all one computes the oblique projections'”

Y;‘ih = EHZ[t,Hh) [Y;H-h | Z[toyt)}
~ CAMX, (19)
h=0,1,..,0.

Also here the last approximate equality has to be understood in the sense that, asymptotically
in NV,
S,p(t + h) = E||Z’[t,t+h) [y(t + h) ‘ Z,;] = OAh_IX(t)

h=0,1,.,v

(20)

holds.

'0The superscript P reminds that the quantity has to do with the “predictor-based” algorithm.
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Then one stacks all the predictors

f/tp
AT B ) ]
| Y7 |
From the weighted Singular Value Decomposition!!
—-1yp T D Dn 0 T AT
Wiy = PDQT =PRI | [ @l Q] @1

an estimate of the observability matrix I'; is obtained discarding the “less significant” singular

values (i.e. pretending D, ~ 0) from

>
=~

v=WDPF, (22)

where 7' can be any non-singular matrix providing a choice of basis.

As done in the previous section, for the purpose of analysis we shall make the specific choice
T:=P'W'T, (23)

where T'; is the “true” (but unknown) observability matrix.
Lemma 3.4: The estimator f,; in (22), with the choice of f in (23) converges a.s. to [, as
N — oc.
Proof: 1t is analogous to the proof of Lemma 3.2 and shall be omitted. [ |
Defining the left inverse [';~ := (f;W*TW*1f9> - TTW-TW~" a basis for the state space

is given by

A

% o —LY
XFPBSID . [ Y[f,Tq]
E [Yt+1 | Z[to,t+1)]
XPBSID . -l Bz, [Yeez | Zigo 1)) (24)
+ v X

B EHZ[t,T) [YT ’ Z[t07t+1)} i

""'We introduce a weighting matrix W which will be chosen appropriately.
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IV. WHITE INPUTS

In this section we shall study the link between the state constructions (18) and (24) under
the assumption that the input signal is a white noise process (or it is absent). We leave the
analysis of the general case to the next Section; since we shall need to introduce a modified
PBSID algorithm to perform the comparison in that case we prefer to keep well separated the
two situations and deal first with the standard algorithm.

We now state the main result of this section:

Theorem 4.1: Let A denote the innovation noise covariance. Under the conditions stated in
Assumption 2.1, assuming that inputs are white or absent and provided I is chosen according

to W =1®AY?and Weea = Hy(I @ A/?), the state constructions in (18) and (24) satisfy

XtPBSIDiXtCCA

and therefore yield asymptotically the same accuracy as far as estimation of any system invariant
is concerned.

The proof of this Theorem relies on an intermediate result which we state in the form of a
Lemma:

Lemma 4.2: 1If u(t) is absent or white the oblique predictor f@rh = E”U[t,T] [Yt+h | Z[tmtﬂ

satisfies: .

?tﬁrh?f/tih + Z O Yiin i (25)
=1

~ A

for suitable matrix coefficients ®;; satisfying limy_,®;; = ®;; = CA*'K. This relation can

be written in compact form as

I 0 0
N — &y I 0]
Y’[trTfl]: . . . . }/[thfl] (26)
| _ci)Dfl,Dfl —(49971,1772 .

The lower triangular matrix in formula (26) converges to a block Toeplitz matrix which is the
inverse of H; defined in (8), i.e.

lim H;'= H;'

N—oo
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Then we shall write (26) as
Vg _y=H; Yier—y (27)
Proof: See Appendix A. [ ]

Remind that (27) should be understood in the sense that the left and right hand side give rise
to state sequences which differ, up to op(1/ VN ) terms, only for a non-singular change of basis
Ty converging to the identity matrix as /N grows to infinity. We shall use the same notation
without further notice in the rest of the paper. This is well known in the literature of subspace
identification and corresponds to the fact that sample dependent weights can be substituted with
their a.s. limit without changing the asymptotic properties of any system invariant (see e.g. [4],
Theorem 7).
Proof of Theorem 4.1.

We recall from (21) that in the predictor-based algorithm one takes the SVD of W‘lff[ﬁ T-1)
while, from (14), Wc?é AY[t,T—l} is used in the CCA algorithm.

Note that, the CCA algorithm corresponds to the choice

Weoa = S22 = (D Sxu+ Ty + Ho(I ® A)H; )P

ytytlat
where A is the variance of the innovation.
However, by letting ¥ = 0 in Lemma 3.3, Weoa = (Hy(I @ A)H])Y? provides the same
asymptotic behavior.
If we now pre-multiply both sides of (27) after Lemma 4.2 by W~/2 = (I® A)~'/2 we obtain
that

WA =T @A)V H, Yo = Weba Vi (28)

As described in Section III the right hand side is used in CCA while the left hand side in PBSID.
This means that the matrices of which one computes SVD are asymptotically equivalent for the
XtCCA X’tPBSID

two algorithms. As a consequence also the estimated state sequences and are

asymptotically equivalent, which using Proposition 3.1 concludes the proof. |

V. NON-WHITE INPUTS

In this section we shall address the case when measured inputs are not white. Unfortunately

it seems not possible to compare CCA with PBSID in the form presented in Section III. We
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shall need to consider an “optimized” version of PBSID, which we shall call PBSID,,,;. We shall
explain the details later in this section.
We shall show that in this case the variance of the estimators obtained using CCA is greater
than or equal to the variance of the estimators obtained using PBSID,,.
First we shall explain the reasons for modifying the PBSID algorithm and then use these
arguments to show that indeed PBSID,,,, performs no worse than CCA.
Defining K := [A"""~![K B] A*%=2[K B] ...[K B]| the output tail Y;;) can be written
as:
Yy, = CA'X,+ 30 CA Y (KYyp—i + BUppi) + B
= CA'KZyyp + S0 CA=Y(KY i + BUpyp i) + B + 0p(1/VN)  (29)
= ZnZpy) + Z?Zl OniYoini + ViUpn_i + B + 0p(1/V/'N)
where, thanks to Assumption 2.1, the 0,(1/v/N) term accounts for mishandling of the initial
condition and Z), := CA"K, ®,; := CA"'K, U, := CA'"'B. The parameters ®;; and ¥},; do
not depend on h, but this notation shall be useful in the sequel.
The state construction for CCA and PBSID are based on the oblique projections (12) and

(19); we shall make use of the relations

Yiin = EHU[LT] Yisn | Zyow] = E\\U[t,T] [E Yiin | Zowsnys Upsniy) | Z[to,t):| (30)
and

Yo = Bz [Yern | Ziow) = Bz, [E Yesn | Zngpm) | Z[to,w} - 31

A. Optimized PBSID Algorithm

Stacking the data and using (29) (discarding!? op(1/ VN ) terms) we obtain:

Y, = 0 0 ... 0 0 0 ... 0 E,

Y;H—l . El (I)H 0 e 0 \:[111 0 e 0 Et+1
=1 Lt . . A Yent | o . | U] | B2

e | |2 (®,, ... D, 0] U, ... W, 0 | Er |

Observe that the lower triangular matrices in (32) are Toeplitz, since ®;; = CAK, U =

CA’~'B, Vi, j. The inner projection in (31) is equivalent to solving (32) “row by row”; hence

12See Appendix B for a formal justification.
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the Toeplitz structure is not preserved after estimation, i.e. (iDij #+ CfDi/j, \i/ij =+ \ifi/j, almost surely

when i #£ 7',

This is equivalent to solving the least squares problem obtained vectorizing (32):

where the matrix S* has the form

SP

and QF is given by

QF =

[ vec (Ey)

vec (Eiyq)

| vec (Er) |

(Z[—Ilf—o,t—‘rl) ® I)

[ vec (Y:)
vee (Yir) =srar +
| vec (Yr) |
(Z[Im ® 1) 0
0
0 0

(Zgory @ 1),

vec! (Zo) vec' (Z1) vec' (®11) vec' (¥y)

note that the “noise term” E can be written in the form

1 0
0 1
0 1
0 0
0 0 1
0 0

0

=S5"0"+F (33)
. -
0
(34)

vec' (Z,) vec ' (\Ifyl)] : ;
(35
.
L
0 €141
0
vt | = LE; (36)
0 €44 N
0
| 6T+N-1 |
1]

where the last equality defines the Nmv x (N + )m matrix L and the vector E;. Equation (36)

shows that indeed E has a singular covariance matrix R = Var{E} = L(I ® A) L.
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This structure can be used to form an estimator Q7 of QF which has the smallest asymptotic
variance among all linear (asymptotically unbiased) estimators based on (33). Being the noise
covariance R singular and the regression matrix S* of full rank, QP can be obtained as
described in [43][Complement C.4.3]. However, it is possible to reduce (33) to a smaller least
squares problem with full rank noise and equality constraints (see [42], [48], [43], [24] just to
cite a few references). We refer the reader to Appendix B for further details. Note however
that this just a matter of computational cost, which is of course fundamental when it comes to
implementing algorithms, but does not influence the results of this paper. In the present imple-
mentation the “optimized” algorithm has a computational complexity which is O(N?(log(N))?)
while the original PBSID algorithm as well as CCA have a computational complexity which
is O(N(log(N))?"), where (3 is the rate at which the past horizon ¢ — ¢, grows with N (i.e.
t—to = O((log(N))”), see Assumption 2.1). Of course this rough evaluation does not take into
account constants which may strongly influence the computation time. For instance the dimension
of input and output signals as well as the length of the future horizon play an important role.

As an anonymous reviewer has suggested, both PBSID and its optimized version have strong
similarities with VARX identification. We acknowledge that this is worth investigating; exploiting
these similarities might also be advantageous for computational reasons. Indeed some work along
these lines has already been done in [10], where the relation between PBSID and SSARX (which
uses VARX modeling) has been studied and in [12], where the relation between PBSID,,; and
VARX modeling have been elucidated. However entering into the fine structure of the constrained
least squares problem (33) would require far more space than available here and therefore we
refer the reader to the references above.

A

ot @5"” for the estimators of =,, ®;; extracted from the

We shall use the notation éhp
components of QFor.

Using the estimator QFort | the oblique projections )A/tﬁh can be substituted with Yti‘}ft =

ého”t Z[1o,t) in the SVD step (21) and an estimator for the state be given by

-~

Popt-
Y,

. _L YPopt
s 37)

X’tPOpt = (fl—/

9 Popt
YTfl
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Also the “shifted” oblique projections used for the computation of the state at time ¢ + 1 (see

(24)) can be substituted by

_;\Pot Aljot APot-
SR TR ST

&Popt (AbPopt \APPopt

>Popt . T3Popt —2 22 22
Xt o= (FD Zito 141)-

P&‘Popt éPopt \i[Popt
—v vv vv

Similarly an estimator of the innovation sequence F; can be found by
EAvtPopt = Y; . E |:YA;Popt|XtPOpt:| — Yt _ C/\(ﬁothtPopt (38)
LR : APopiﬁ APopt APopt APopt : :
Proposition 5.1: Let the estimators A", B, C\™", K™ be obtained solving
Xio ~ AX[" + BU, + KE/™
)A/tpopt ~ OXI;Popt
in the least squares sense.

Let also (AN, BR7t, CL7 K1) denote the “true” system matrices expressed in the basis

corresponding to
. -L
7 Popt FPopt T
Ty = (1) T

—1
: Popt . _Popt _Popt
ie. Ay" =Ty A (TN etc.
. . S —P, . . .
Then, with the choice of 1" in (23), TN"’” converges to the identity matrix and the errors
~Popt _ APopt Popt ~Pnpt _ APopt Popt ~P0pt _ APo;ot Popt ~Pnpt _ APcrpt Popt
AN" = A" = AT, By = By — BT O = Oy — Oy, K" = K" — Ky

satisfy:

= Mp <QP _ QP) (39)

for a suitably defined matrix Mp with rows in /5.

Proof: See Appendix A. [ ]
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B. CCA algorithm revisited

We now move to the CCA algorithm and study its relation to the procedure just described. To
make the comparison easier, we rephrase the CCA algorithm using the least-square formulation
analogous to (32) and (33).

Using (29) and discarding op(1/v/N) terms'?, the inner projection in (30) can be computed

solving in the least squares sense:

Y, =0 0 0O ... 0 * X .. %k B,
Y;Jrl . El (1)11 0 . 0 \IIH * Ce * Et+1

= | Bt | Yen | o | Ukt | (O
e | 5] B, ... B, 0 T, .. U, ] | Er |

where the *’s denote parameters which are estimated but which value has no interest (and
actually should be equal to zero). Since each row is parameterized independently the orthogonal
projections E [YHh | Zito 141y, U [Hh,Tﬂ, for h = 0, .., v, are equivalent to solving the least squares

problem obtained by vectorizing (40)

[ vec (V) | [ vec () ]
vec (Yiy1) - gecagoca o |VC (Er1) — gecaqcca L g 41)
| vec (Y7) | | vec (Er) |
where the matrices Q¢4 and S¢“4 have the form
qoea _ | goea _ [SP *} ; (42)
*

the terms denoted with * contain the vectorization of all the *’s in (40).

As we have just stressed the inner projection in (30) is equivalent to solving (41) in the least

squares sense (with no weighting). We shall denote with Qoo

QCY4 and with QFcca, =C0A @gc“‘, \II%CA the estimators of QF, =, ®

the corresponding estimator of

ij» Vi; extracted from

its components.

13See Appendix B for a formal justification.
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With this observation the oblique projections (30) are written in the from:

h
Yien =279 Zpony + Y 5 (43)

i=1
With the same argument used in the proof of Lemma 4.2 we obtain that
=CCA
=0
WeeaYir-n=( @ A7) |1 | Zyy (44)
=CCA
and
ECCA oo oA

- . 1 égCA (1)5120,4 @%CA
WCCAEHU[H—LT] [Y[tJrl,T] | Z[to,t+1)} :(I ®@ A ) : Z[to,tJrl) (45)

=CCA 5CCA T, CCA
—v (I)VV \ij/

The state sequences X4, XCG4 are constructed as described in Section IIL. Substituting the
right hand sides of (44) and (45) in the CCA algorithm does not change its asymptotic properties
as stated in Lemma 3.1.

The estimator for the innovation sequence is taken here of the form:

ECON =, - BV | X094 = v, - 6§OAX e (46)
Proposition 5.2: Let the estimators A%CA, B]%CA, éﬁCA, IA(J%CA be obtained solving

X544 ~ AXECA 4 BU, + KEES4
Y, ~ CXC0A
in the least squares sense.
Let also (A4, B{O4, CG94, KGC4) denote the “true” system matrices expressed in the basis

corresponding to

Lr, 47)

ie. AGCA = TGOAA (TGO ™ ete.
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Then, with the choice of 7" in (17), T$C4 converges to the identity matrix and the errors
JCCA _ CCA CCA RCCA _ RCCA CCA ACCA _ ACCA CCA JrCCA _ frCCA
A A AN 7BN —BN _BN 7CN _CN _CN 7KN _KN -

K94 satisfy:

Vec( ]CVCA>

< ]?; A) ~ Mo [ QFert — QP Y1 )fCCA [ (YPcca _ (YPort MCCA “Popt 48
Vec( cc > P< - )—i— 1 ( >+ Vec(HO— >( )
vee (K§°) |

where = is defined in (A.67). The matrix Mp is the same which appears in equation (39) while
MECA and MSC4 are suitably defined matrices with rows in /5.

Proof: See Appendix A. [ |

C. Comparison between CCA and PBSID,,,

The optimized version of PBSID introduced above can now be easily compared to the standard
CCA algorithm without making assumptions on the input spectrum (besides of course persistency
of excitation conditions and absence of feedback). We first state the main result as a Theorem:;
the remaining part of this Section shall be devoted to the proof.

Theorem 5.3: Let O be any system invariant which depends differentiably on the system ma-
trices (A, B, C, D). Denote with ©%C4 and ©Fe»t the estimators of any such © using respectively
CCA and PBSID,,;; then,

AsVar {VNO““} > AsVar {V/NO ). (49)
Proof:

As seen above in formulas (41) and (33), the first step of the algorithms can be seen as a
linear least squares problem; there are, however, three “complications” which make the analysis
more difficult:

1) the effect of the initial condition (the op(1/v/N) terms);

2) the regression matrices S* and S““4 are data dependent;

3) the dimension of the parameter vector Q¥ grows with the sample size.

We shall deal with problems, respectively, as follows:
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1) We shall see in Appendix B, (see Lemma 7.1 and the discussion following the Lemma)
that the op(1/+/N) terms which have been omitted in (33) have a special form which
allows, indeed, to neglect them.

2) Under Assumption 2.4, it is tedious but easy to adapt standard properties of Markov
estimators (i.e. unbiasedness and minimum variance; see for instance [43][Lemma 4.3,
Proof A]) to the case in which the regression matrix (S*, S¢“4) is “data dependent”. Of
course unbiasedness and minimum variance hold only asymptotically.

3) We shall follow the approach of [36], studying the (scalar) estimators nNQP with ny
satisfying Assumption 2.3.

As discussed in Appendix B, the estimators QFcca and (Fert, satisfy the inequality:
AsVar {V Ny QFeea} > AsVar {v/ Ny QFr} (50)

V ny satisfying Assumption 2.3. In particular, being Q7 := QFrt — QF the “optimal”

estimation error, QFcca .= OFPcca — OF can also be written as
VNQFeea = VNQFor 4 VN (QFeca — QFor) (51)
where the two terms on the right hand side are asymptotically uncorrelated, i.e.
AsCov{VNn QP VNyk(QFeoa — QFer)} =0
YV nn, 7n satisfying Assumption 2.3.

The reason for this inequality is twofold:

1) in (41) the parameters denoted with *’s are estimated even though they are known to
be zero (observe that instead in (32), (33) the lower triangular structure of the matrix
describing the link from future input to future output is enforced)

2) the modified PBSID algorithm solves (33) in an optimal fashion

Furthermore, a similar decomposition holds also for =, i.e. 5 := Zy — =y can be written as
= AP, - s 2P _P 2P,
VN (20) = VN (507 = Z0) + VN(E) - 5p7) = VNE(™ + VN(Z - 57)  (52)

where /Nn[vec(Z,—207) is (asymptotically) uncorrelated from v/ N~ [ QFrt = /N~J, (QP ot — QOF )
V nn,vn satisfying Assumption 2.3.
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These last observations imply that (v/N times) the last two terms on the right hand side of
(48) are asymptotically uncorrelated with (v/N times) the first. Therefore, from equations (39)
and (48),

( [vec (/LCVCA> 1) ( [ vec (AZ””) 1
vec ( ~CCA> vec ( ~P"”t>
AsVar { VN ~N = AsVar { VN ~N +
vec ( CCA) vec ( P"“)
N N
\ vec (f( ﬁCA> ) vec (K ﬁ"pt>
(QPOCA _ QPopt>

+ AsVar { VN [MICCA MQCCA] . ap
vec <:0 — :0"’”)

where the fact that the rows of Mp, ME“4 and M{“4 are in /5 has been used. This concludes
the proof. [ ]
Remark V.4 It is our experience from the simulation experiments that the “optimized” PBSID
algorithm does not introduce significant improvements (see Figure 4) while it does increase (see
Section III-B) the computational complexity due to the solution of the constrained least squares
problem. See Appendix B for details.

However this algorithm can be implemented with a much lower computational complexity
as described in [12]. The weighting step needed to find QFort (see Appendix B) is however

necessary to obtain the inequality (50). O

VI. SIMULATION RESULTS

The simulation setup is as follows: we consider two systems to be identified (in innovation

form); the first is a first order ARX system
y(t) —0.5y(t—1) =u(t—1)+e(t)
while the second is a first order ARMAX model
y(t) —05y(t—1)=u(t —1) +e(t) + 0.5e(t — 1)

The input is either unit variance white noise or unit variance white noise passed through the

filter H,
o ) 2% 40.82+0.55

22 —-0.524+0.9"

H,(z) =
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Colored Input Spectrum

Input Spectrum: absolute value
10 T T T

10

10

10t I I I I I I
0 05 1 15 2 25 3

Normalized frequancy

Fig. 1. Colored input spectrum: absolute value.

White Input Colored Input

Asymptotic Variance vs. Sample Variance Asymptotic Variance vs. Sample Variance
10 T T T T 10 T T T T

Transfer Function Variance
Transfer Function Variance

107 L L L L L L 1072 L L L
0.5 1 15 2 25 3 0 05 1 15 2 25 3

Normalized Frequency w0, Normalized Frequency w]0,1]

Fig. 2. EXAMPLE 1 (ARX of order 1): Asymptotic Variance (and its Monte Carlo estimate) vs. normalized frequency
(w € [0,7]) Solid with triangles (A) PEM, dashed with stars (x): CCA, dotted with crosses (+):“predictor-based” algorithm

(PBSID), dotted with circles (0): Jansson’s algorithm, dotted: asymptotic variance for PBSID, solid: Cramér-Rao lower bound.

the input spectrum is plotted in Figure 1.

We report results concerning the asymptotic variance and the sample variance estimated over
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100 Monte Carlo runs (both multiplied by the number N = 1000 of data points used in each
experiment) of the deterministic transfer function F'(z) = ﬁ (equal for the two examples);
the future and past horizons are chosen to be ¢ — ty = v = 10. In Figure 4 (left plot) we also
report the results for v = 1, t — ¢, = 10. In Figure 4 we show the dependence of the asymptotic
variance as a function of the future horizon v measured by the efficiency index:
fo% AsVar {F, (jw)} dw

Efitv) = fozﬂ CRLB(jw) dw

(53)

where F,(jw) is the PBSID-estimator of the transfer function F'(z) = C'(zI — A)~' B evaluated
at z = e/ when the future horizon is v and CRLB(jw) is the Cramér-Rao lower bound as a

function of w.

White Input Colored Input

Asymptotic Variance vs. Sample Variance Asymptotic Variance vs. Sample Variance

Transfer Function Variance
Transfer Function Variance

. .
0.5 1 15 2 25 3 0 05 1 15 2 25 3
Normalized Frequency w0, Normalized Frequency w]0,1]

I I I 10~

10°

Fig. 3. EXAMPLE 2 (ARMAX of order 1): Asymptotic Variance (and its Monte Carlo estimate) vs. normalized frequency
(w € [0,7]) Solid with triangles (A) PEM, dashed with stars (x): CCA, dotted with crosses (4):“predictor-based” algorithm

(PBSID), dotted with circles (0): Jansson’s algorithm, dotted: asymptotic variance for PBSID, solid: Cramér-Rao lower bound.

Note that for the white input case (see Figures 2 and 3, left plots) both CCA and the predictor
based algorithm are indistinguishable from PEM; in fact all algorithms reach the Cramér-Rao
lower bound in the examples considered.

It is also remarkable that the sample variance estimated from the simulations (and its “theo-

retical” value computed using the formulas of [11]) reaches the Cramér-Rao lower bound also
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for colored inputs when the system is ARX (see Figure 2, right plot).

In the colored input case (see Figures 2 and 3, right plots and Figure 4) the results are
fundamentally different: CCA behaves significantly worse than PEM and PBSID. We also report
the asymptotic variance computed using the formulas which can be found in [11] (dotted line)
and the Cramér-Rao Lower Bound (CRLB, solid line).

The algorithm by Jansson [31] is always indistinguishable from PBSID, as predicted by the
results in [10].

It is interesting to observe that in this particular example and with colored inputs, the asymp-
totic variance of PBSID/PBSID,,; is close to the Cramér-Rao lower bound (even though it does
not reach it) for v = n = 1 (see Figure 4). Note that this behavior departs sharply from what
happens to CCA with white inputs (and hence also to PBSID by theorem 4.1); in that case, in
fact, the asymptotic variance decreases monotonically as a function of v (see [7]).

Note also (see Figure 4) that the modified version PBSID,,; behaves as PBSID in the example

considered.

VII. CONCLUSIONS

In this paper we have shown that the PBSID algorithm, introduced in [17] under the name
“whitening filter” algorithm, is asymptotically equivalent to CCA when measured inputs are
white or absent. Our analysis is supported by both the simulation results and the asymptotic
variance formulas computed in [11].

The significance of this result is strengthened by the fact that, as shown in [10], PBSID and
the SSARX algorithm in [31] are asymptotically equivalent.

We have also proposed a slightly modified version of PBSID which provably behaves always
better than CCA. We remind the reader that both PBSID and its “optimized” version PBSID,,,
are able to deal with feedback.

An important question which remains open concerns efficiency.

In [35] it is claimed that a procedure which is essentially equivalent to the SSARX algorithm
is efficient for general input signal. However in [35] the past and future horizons (see formula
(2) and the definitions before formula (9) in [35]) are assumed to be equal and, for consistency
reason, let to go to infinity. Computations based on the asymptotic variance (see Figure 4 right

plot for an example with ¢ — t; = v = 10, but essentially unchanged results are obtained
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Colored Input v = 1 Eff(v) for colored inputs

Asymptotic Variance vs. Sample Variance
10 T T T T 2

Transfer Function Variance

107 L L L L L L 1 L L L L L L
0 0.5 1 15 2 25 3 2 4 6 8 10 12 14

Normalized Frequency w0, Future horizon v

Fig. 4. EXAMPLE 3 (ARMAX of order 1). Left plot: asymptotic Variance (and its Monte Carlo estimate) vs. normalized
frequency (w € [0, ]) Solid with triangles (A) PEM, dashed with stars («): CCA, dotted with crosses (+):“predictor-based”
algorithm (PBSID), dotted with circles (0): PBSID,yp¢ algorithm, dotted: asymptotic variance for PBSID, solid: Cramér-Rao
lower bound. Right plot: Index Ef f(v) (see (53)) as a function of v

increasing ¢t — ¢y = v) show that indeed that claim is not correct and instead efficiency is never
attained; note also that in this example the “optimal” future horizon is v = 1 (see Figure 4 right
plot).

Therefore, we believe, the quest for an asymptotically efficient subspace procedure with inputs
is still open; also a methodology to optimally chose v is missing.'*

We hope the results of this paper have shed some light towards this direction.

Also the question of non-asymptotic relative performance (i.e. with “finite data”), which is of
primary importance for practical purposes, remains open and, in our opinion, deserves further
investigation. This is, we believe, one of the main open research directions in the area of subspace

identification.

“Remind that here ¢ — ¢o is supposed to go to infinity according to Assumption 2.1.
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APPENDIX A: PROOFS
Proof of Proposition 3.1. Recall that, defining
Bi=Yi-Bvi| %],

the least square estimators A?, B, C%, i = 1,2 are obtained from
-1

X

o &) = s o @) ] a| @) o (@) ] e
E;

Gio= 3@()2;>T{Xg (X;‘)T}_l (A.55)

For simplicity of exposition we shall only deal with (A.55); using (11) and recalling that
X!=X? means that there exists T, limy_.Ty = I, so that X! = Ty X2 + 0p(1/v/N), we

have:

ANT . A T7—1
~ Ytth thth
o H [uG]

_ Yi(InXP+op(1/VN)T {(TNXt2+QP(1/\/N))(TNXt2+QP(1/\/N))T }1.
- N N ’

Using the fact that, for instance, - N yisiop(1/V/N) = 0p(1/4/N) and recalling that,
given a positive definite matrix ¥, (X + 0p(1/v/N))~' = 7! 4 0p(1/v/N), the last term can
be simplified to yield:

co\ T . & o1\ T ) L
C,l _ Y}()]f;) T];IF{TNXt(J)\it) TN} —f—QP(l/\/N)

= CTy' + 0p(1/V/N).

Similarly:
A = Ty AT+ 0p(1/V)
B' = TyB’+0p(1/VN)
K' = TyK* +op(1/VN)

can be proven to hold.

Proof of Lemma 3.2. Denoting with 1I;; the orthogonal projector operator onto the column space

of U,, equation (16) can be rewritten as
oo T TR Trr Y LT -1 T Fr—1
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Let Wecoa be the a.s. limit of WCC A- It is well known that under mild conditions, e.g. © larger
than the system order, Assumption 2.1 and condition (5), the column space of WCC AU, = fDT_l
converges to the column space of I'; (see for instance [19], Theorems 9 and 10). Therefore also
the column space of U, converges to the column space of W(;é 4I's and hence HUnWEé ny

converges to W52, Ty from which I'; = Weeally, Wok T converges to T'p. [ |

Proof of Lemma 3.3. First note that, from the asymptotic variance analysis found for instance
in [7], [13], [11] Weea appears only through the left inverse
Iyt = (F;WC_CTAWC_({‘AFD)_I Ly WeeaWaea-

Let now Wy := (Hy(I® A)H)'/? and define Ry' := Wy "Wy = (H,(I®A)H])~'; we shall
show that if Wz 4 (square invertible), is chosen such that R~ := Wc_g AWEé 4 can be written

in the form R~! = (Ry + [',XT})~! for some matrix ¥ = X > 0, then

_ _ _ —1 _ _ _ _ -1 _ _
Lol = (Do W aWedals)  TaWedaWeoda = (LaWy "W 'Ty) T Wy "Wt (A56)

v

holds, where the right hand side does not depend on ; therefore different choices of > do not
change the asymptotic variance.

First, we use the matrix inversion lemma and rewrite R~! = (Ry + [,XT))™! = Ry +
Ry'T,ST] Ry for a suitable matrix S (depending upon ).

Define now Iy := W, 'T;. Let us first rewrite I';* as

D;" = (Tg(I +ToST)To) " Tg (I + ToSTq )W
= [(I4+T{TeS)TgTo] " (I +TgTeS)Iy Wy

Since I'oI'y and (I'J (I 4+ T'oST)Ty) are nonsingular, also (/41I'] Tg) is invertible from which
D5 = (0 To) Ty Wyt = (CT Wy TWy ' T,) T Wy "Wy,

which yields (A.56), concluding the proof'. [ |

Proof of Lemma 4.2.

'5Thanks to an anonymous referee for a suggestion which have allowed to shorten the proof.
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First let us note that

Eyvym [Yern | Zion] =
= By | B Yern | Zioasny Upinn] | Zioo |

To simplify notation let P := Z, ;44 (past) and F' := Up4p, 1) (future). Under the assumption

(A.57)

that u(t) is white (or absent of course) the rows of Uy, ) are asymptotically orthogonal to

the rows of Zj, ;) and also to the rows of Yi,; therefore, from the uniform convergence

of sample covariances (see for instance [27][Theorem 5.3.2]), it follows that i]fp = F—JI\D,T and
iyf = % satisfy:
HgprQ —0 ( (t—m)lo]g(logzv)) ‘ St =0 ( log(l]%gm)
which implies
S Hzf -0 <(t —~ to)—“’g(log(m)
[t 1P| | P log](vlogw) (A.58)
[£ut], [Ee], = 0 (VE=Tortie)
Now we write the inner projection in (A.57) as follows
EYunlZ U = E[Yyn|PF
Yern | Zitoa+ny, Uppsn1] Yisn | P F] (A.59)

= Eip Yirn | F1+ Eyp [Yien | Pl
Recall now that, given matrices X1 (N ), AX;(N), Xo(N), AX,(N) of appropriate dimensions!'®,
with [|X1(N)|l, = O(1), ¥2(N) a.s. invertible with bounded inverse HE;l(N)HQ = 0O(1), and
[AXL(N) ][5> [[AZ2(N)]

, infinitesimal (a.s.) as N — oo,
(Z1(N) + AT (N)) (B2(N) + A%y (N) ™ = (V)5 (N) + A% (V)5 (N)+
X1 (N)S5H(N)AS,(N)E5 H(N)+

+o([[AX,(N)]],)
(A.60)

holds.
Now we apply (A.60) to the oblique projection:

EllF [}/t-i-h | P] = 2Ajyplfi:_1 P = (iyp - fzyfif_flifp)(i:pp - zAjpfi:f_flifp)_lp

pplf

with X1 (V) := Sy, AN (V) i= =SS g, So(N) = Xpp and ANy (N) i= =S¢5 5.

!The dimensions may also be a function of N.
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Observe that the assumption ®, > ¢/ > 0, implies (uniformly in ¢ — ¢y, see [26], [22])
that ¥pp > ¢l > 0 and therefore ||S}|, < \/1/¢ < co. From the uniform convergence of

pp
sample covariances (Theorem 5.3.2 in [27]), || x =0 ((t —tp) w) holds
2

PP~ ~'pPP

and therefore Y, is a.s. invertible and HE;,I},H = O(1). With similar argument, which uses
2

the fact that the covariance F [y(t)zT (t— T)] goes to zero exponentially as a function of the 7

(since |Aaz(A)| < 1 and u white), one can show that Hiyp =0(1).
2

Therefore we obtain

A A ~

Eyp [Yon | P] = [iypi;g, — Sy Sg BN L+ zyp(ﬁflzpfzglzf@;)] P+
e [[Zarsi S, ) 7 |

Using (A.58), |25} , = O(1), ||Syp|| = O(1) itis now easy to verify that ¥ := — XS5, 514
Syp(SpiEprig Spst) satisfies H\Tf ) =0 ((t — to)%)- Since the elements of P are
2

Op(1), it follows that the product WP = Op ((t - to)Qw> = 0p(1/V/N).
Using the last equation the oblique projection EH r [Yien | P] becomes, for the purpose of
asymptotic analysis

By Yign | P1=5ypSp0P = E Yy | Pl (A.61)

Similarly one can show that

EIIP [Yern | F] i(iyf - zA)ypij];i);l)ilpf)ijfile (A.62)
Using (A.61) and (A.62) we obtain
B [Yorn | Zpowsny, Upnr] = B [Yern | Zpoen] +
+OUh11
for a suitable matrix © which follows from (A.62). Next, observe that E [YHh ] Z[t07t+h)} can
be written in the form
h
E Yo | Zigarny) = Yin + > Oni¥orn—i + Unillion (A.63)
i=1
for suitable matrix coefficients \i/hi, (iDhi. Taking now the oblique projection EA”U[LT] [ | Z[tmtﬂ
of both sides of (A.63) we obtain:
Yoo = Bjogm Yirn | Zino)
iEmﬂ@WMWwwﬂ%ﬂ (A.64)
= VB, 4+ PniYern
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where EHU[t,T] [(:)U[Hhﬂ | Z[to,t)] = 0 has been used.

In matrix form this becomes:

1 0 ... 0
N e I . 0.
Y[ﬁT}: : : .. : Y[t’T}
| —él—,’p —épp_l _[ |

Since ff[f 7) fepresents a weighted version of }Af[t’T] only the asymptotic value of this weight matters
as far as any system invariant is concerned. Therefore we need to study the limit limy_, . ®;; 1=
®,;. Recall that, according to Assumption 2.1, also ¢y — ty) — oo when N — oo and therefore
®,,,; are simply the coefficients of the (stationary) one step-ahead predictor. As already stated in
(29), it is a standard fact (see for instance [43], [27], [38]) that ®,; = CA" ' K.

The fact that

I 0 0
—CK I 0
| —CA"?K —-CA" 3K ... T |
is the inverse of H; is a simple exercise and is left to the reader. [

Proof of Proposition 5.1. We prove now only the relation (39) regarding é’ﬁo”t, being those
related to AX, BL7', K1 completely analogous. ;

First note that, from Lemma 3.4 I',”" converges to [, and therefore <I_“§"”t> [, converges
to the identity matrix.

Recall now that

[1]
=)

- ~L , )
<F§0pt> . Z[toﬂf) :T]{;Op Xt

[1]

v

and that the state estimator Xf °?* from (37), is of the form

A
:*Popt
—0

~ ~ —L
XtP P = (Flpjopt) : Zlto 1)

'f\Popt

—v
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Using also the definition of Ef " in (38), and the fact that C X,=Z(Z}, 1), it follows that

Popt _ ﬁ*Popt
Y, - =0 Z[toﬂf)

: Popt - Popt Popt ¢ Popt - Popt APopt —

— CNOP Xt opt OND:D (TND;D Xt — Xt op ) + (:,OOP — :,0> Z[to,t)+
’E*Popt
—0

A —L

o Popt O Popt Popt _Popt . &Popt

= CY" X" = Cy I : Zito) T 20" Zto.1)
E‘Popt
—v

Therefore (recall that T]]\;"pt converges to the identity matrix)

— L opt

=0

37

~ Popt B ':'Popt ~—L . % T 9 % -1
Clom | EPo —cTob | o | | Zpowy (Xt) [tht} (A.65)

':Popt

—

Vectorizing equation (A.65) and substituting sample values with their a.s. limit, there exists

a matrix M, so that

vec{ CRP y =M Qo (A.66)

The fact that the rows of M are in {5 follows from the exponential convergence to zero of the

predictor impulse response.

Proof of Proposition 5.2.

First note that, from Lemma 3.2 f,; converges to I'; and therefore f; Lr, converges to the

identity matrix.
We prove now only the relation (48) regarding C’gc“‘, being those related to A%CA, B
KP4 completely analogous.
First of all recall that the state estimator XC4
égCA
X =T Y1) = 15 " WeoeaWed aYier—u=L5 " WeeaW ™ | 1 | Zigpu.

=CCA
v

where the last (asymptotic) equality follows from (44).

CCA
N

)
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= H,T; = WeeaW Ty,

We also recall that, by definition of T]?;CA in (47) and the relation I';

[1]

0

f;LWCCAW_l Z[togt)iTﬁ’CAXt

[1]

(A.67)

Let us define
Et =Y, - F [YHZ[to,t)] =Y - éOZ[tO’t);

the equation above defines also =, which is, in general, different from = =5C4. Note also that E,
CXt + Et—\—OZ[tO t) + Et can also

is different from ECCA defined in (46). It follows that Y, =

be written in the form
Y, = (OQOARCCA | 0COATCCAY,  XOCAY 4 ( Sy — > Zion) + B
Zo0A
CLOA | T EWeoeaW Loty | T éOZ[to,t) + E,
Fo0A

CCA v CCA
& R G

Using the relation I'; = H, 'T'; it is easy to prove that I, “W = I';XWesca and therefore

[, “Weea converges to I W
Having this observation in mind, from orthogonality of the rows of F, with those of X4

=CCA
—1
(A.68)

recalling that T{““ converges to the identity matrix, it follows that
=0

scoa | = Pl oT [ %
CCoAZ | 2, - OT; Zion X, [tht]
=CCA

v

=Fort (2 -2 %) it is clear that, vectori
+(Z9—Z,™") it is clear that, vectorizing

=0 = 2o

Using QFcca = QPort 4 (QFcca _QFort) and =
equation (A.68) and substituting sample values with their a.s. limit, there exist matrices M,

Mg CCA and Mg CCA so that
vec{é’CCA}iMCQP"Pt + MCCA(QPCCA — QPOW) + MCCAvec(:O — éé’om)
where clearly, from (A.68), M is the same as that in (A.66), which concludes the proof. As

before MEFA and MES4 have rows in /o due to the exponential convergence to zero of the
|

predictor impulse response
DRAFT
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APPENDIX B: LEAST SQUARES WITH EQUALITY CONSTRAINTS.
Consider the least squares problem (33), which we rewrite here for convenience,
Y =SPQF + E+ Ay(N) = SPQF + LE; + Ay(N) (B.69)

where Ay (N) = 0p(1/v/N); recall that the noise covariance Var{EF} = R = L(I @ A)L",
where L has been defined in (36), is a singular matrix. The 0p(1/v/N) has the form

. At—t T At—to+1 T At—to+o ul
Ay (N) = [vec (C’A OXtO) , vec (C’A 0 Xto) s n, VEC (CA 0 Xto) ] . (B.70)

The following Lemma shows that this term has a very special structure which allows to discard
it when studying the asymptotic distribution of the estimated parameters UI,QP =nuFY.

Lemma 7.1: The term Ay (N) = Qp(l/\/N) in (B.69), (B.70) can be written as
Ay (N) = SPYo(1/V'N) + LAx(N) (B.71)

with || T[], = O(1) and vy Ax(N) = op(1/v/N) provided the column vector vy (of suitable
dimensions) satisfies ||yx|l2 = O(1).

Proof: First of all note that A*X,, = X; ,, — Zf;l ATYK 7, 1_i. Therefore
CAt_t(H_kXtO = CAt_toXtO_Hg + CAt_tOTkZ[t(),t_i_k)

for some matrix of coefficients Y which satisfies || Y| = O(1) from the exponential decrease
of the terms A'.

Therefore we decompose the vectorization in (B.70) in the two parts:
At—t T At—t T At—t ul
|:V€C (C’A OXtO) , vec (CA OXtOH) s ey VEC (CA OXtO+,7) ] (B.72)

and

_ _ _ T
[VGC (CAt_tO TOZ[toyt))T , Vec (CAt_tOTlZ[tth))T ,...,Vec (C’At_tOTDZ[tO,Hg))T} . (B.73)

It is rather straightforward then to see that (B.72) can be written as

CAtitO.Ito

CAt_tOItO+1
L . = LAx(N) (B.74)

Nt—t
CA™ x4 Nyo-1
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while (B.73) as

vec (C’/_lt_to TO)

Tt—to
vee (CATRY) | SPYo(1/VN (B.75)
. (1/VN)

| vec (CAt_tOTp) |
with obvious meaning of the symbols T and Ax(N); also || Y| = O(1) holds.

Note also that, due to Assumption 2.2, the covariance matrix A, := Var {[x;, s xtTO N +D_1]T}

satisfies ||A,.|2 = O(1); therefore, since

_ _ T
Var {[ (CAt_t°$t0)T, e (CAt_tint0+N+z771)T ] }
= (V) Al = o1V

also Yy Ax(N) = op(1/v/N) holds true for all column vectors y (of suitable dimensions)

[Var {Ax(N)}Hl, =

2

satisfying ||yn|l2 = O(1). [
Using (B.70) the original least squares problem (B.69) can be written as

Y = S (2 + To(1/VN)) + L (E; + Ax(N)). (B.76)

The noise term L (E; + Ax(N)) has a covariance which can be written in the form R, =
Li(I®A)+ o(l/m)i] L; using the structure of £; and Ax(N), (B.74) and Assumption 2.2,
it follows also that |||y = O(1).

We are now ready to derive the optimal (asymptotically BLUE) of niQF. It is easy to
see (using for instance, formula (C4.3.3) in [43]) that the asymptotically BLUE is given by!”

W;QP"W = n;FOR;‘}Y with

opt —

P = (877 (R S7(S™YT) 87T (8T (R4 57T @)

For N large enough both (I ® A) and (I ® A) + o(1/v/N)Y are non singular and bounded

away from zero. Under this assumption it is possible to see that, asymptotically,
—1
[ ot = [(SP)T (R+SP(sP)T)! SP] (SP)T (R + 8P(SP)T) (B.78)

which is the Markov estimator computed as if there was no 0,(1/v/N) terms in (B.69), gives the
same distribution of the estimator. It is crucial here that the limit is computed with perturbations

to R which do not alter its column space (nor its rank in the limit).

17T denotes the Moore-Penroose pseudoinverse.
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Note also that, given any linear estimator fY such that f S” = I, the estimation error

77NS~21 = nN(F Yy —Qf ) has the form
Tap . \/_ N
ny§Y = UNIO( / ) + 77N/ E+ 77N/ LAX( )

The first term can be thought as a “bias”. However, since || Y]] = O(1) also ||ny Y[ = O(1)
and hence this bias term goes to zero faster than 1/v/N. The last term is instead the contribution
due to the 0p(1/+v/N) terms which are in the columns space of L.

Note that, provided ||f |l» = O(1) the vector v, := nxF L, has uniformly bounded 2-
norm ||vXlle = IInvF Llla < |Indll2llF |l2llLlle = O(1) and hence, according to Lemma 7.1,
nyF LAx(N) = v4Ax(N) = op(1/v/N), which can therefore be neglected. As we shall see
at the end of this Appendix the estimators we are interested in (namely QFort = f optY and
QFcca = [ooaY) satisfy the even stronger condition ||F opells = O(1/v/N) and ||F coalls =

O(1/v/N); therefore 1,QF=n\F E, providing a proof that, indeed, the op(1/v/N) in (B.69)
can be discarded both to the purpose of design and analysis of the estimator.

Remark B.5 As an indirect proof that f opt and [, give asymptotically equivalent estima-
tors note the following. With an argument similar to that used at the end of this Appendix
to show that [|F oulls = O(1/V/N), also |[F |, = O(1/V/N) can be proved. Therefore,
N (F oY —QP)=nuF 5o F and nf (F oY —QF)=n\ F I, E, which means that their asymptotic
properties do not depend on the op(1/ VN N) terms. Since the first is asymptotically optimal
when the op(1/v/N) terms are accounted for while the second would be optimal if there were
no op(1/v/N) terms, both AsVar {V/Nn\(Fly — QF)} < AsVar {V'Nn§(F ,zY — QF)}
and AsVar {V N} (F ;Y — QF)} < AsVar {/Nn{(F JoY — QF)} hold, proving that, indeed
AsVar {V/Nn} (F iy — QP)} = AsVar {VNn{(F oY — Q7). O
Consider now the SVD

L= [ Ur Ups ] 0 a
i

We recall that LT = V.57 'U/; note also that U1 spans the left kernel of L, i.e. U, L = 0.
Then define

Yy = (I @A) VALY = (IT@ A)"V2LISPQP 4 (I1@ A)V2LTE = SPQP + B,
which now has a full rank noise term £, Var{E.} = I.

September 27, 2006 DRAFT



42

Finally, observe that Y = L[y, y,\ 1, ..., Y7, 1] = LY7, which implies that also U, Y = 0.
It follows that
ULy =080 +U E=8.Q" =0

where Sf L= ULTL SP and ULTLL = 0 has been used. Therefore (B.69) can be converted into a

least squares problem with equality constraints:

Y, = STV +E;L

(B.79)
s.t. 0= SfLQP

Let dg, denote the number of parameters in 2. The matrix Sf | has dimension (N —1)vm xdq.
For N “large” Sf . has more rows than columns; let us denote with r§ the rank of Sf L. Of
course'® g < dg. Let U], be a selection of rg rows of U, so that the rows of ST’ := U/, S”
form a basis of the row space of ST, . Clearly the constraints 0 = S¥', QF and 0 = SF, QF are
equivalent since the rows of .S f ' are linear combinations of the rows of S f | ; note in fact that

0 = SP.QF implies also that 0 = v Q" for any (row) vector v' which is in the row span of

5’5 .. Therefore we rewrite the constrained least squares problem (B.79) as:

Y, = SPQF+ FE
L L T (B.80)

Consider now the QR-decomposition [24]
Ql
Qs

with R, square (r& x r#) invertible. It is easy to show that, Vny satisfying Assumption 2.3,

SL=R'Q =] R 0]

the asymptotically best linear unbiased estimator (Asymptotically BLUE) of n},Q! is given by’
nLQFrt where

QP = Q, (SEQ,)' Y, (B.81)

where ()T denotes Moore-Penrose pseudoinverse [24]. Observe that, being ()» orthonormal,

the conditioning of the problem depends on the matrix S¥(Q,, i.e. to S “restricted to” the

18Using the structure of the matrices L and S it is possible to check that, indeed, dg — & = m(t — to)(m + p) > 0. For
reasons of space it is not possible to report the details here, see [12].

See, e.g., [43] Remark 3, page 70, for the case in which QF has dimensions not depending on N.
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orthogonal complement of the “constraint matrix” SI,. Note that® the matrix S} could be

collinear (or almost collinear); however from

U, St R} 0
Lfl 2 s* [ @ G ] - LP [ Q Q2 } - P P » (B.82)
(I'®A)2L ST SpQr SpQ2
in (B.82) we have used the fact that the rows of Sf | are linear combinations of the rows of
ST, so that ST, QT = [R] 0].

It is immediate to see that the condition number of SF'Q, is smaller than that of

T T

Ui o ! ’ Ui | gr (B.83)
(I ®A)~V2Lf 0 TN 2V s ! Ul

which guarantees that indeed the constrained problem is well-posed if the original problem is

SO.

Note that the “optimal” estimator QOFert is of the form QFort = f optY With
Fop = Qo (S7Q2)" (1@ N)V2vis, U] (B.84)
We now need to verify that indeed ||f oy |l2 = O(1/v/N) holds true. From (B.84) it follows that
IF ol < [ (5EQ)| 1472 157 .55)

First note that HA‘l/ QH , = O(1) since A is the (estimated) noise covariance. The fact that
HSL_l H2 = O(1) follows directly from the structure of the matrix L.
Using now equations (B.82) and (B.83), 0y, (ST Q2) > min (1,1//[JA]l,) omin (ST); since
Al = 0.
(s*)

. . . . . P T
Using now (34) it is immediate to see that %
Z[tO,t‘Fk]Z[—trO,zH»k] ]_ f . :

——x & ® I; from Assumption 2.2 and the uniform convergence of

-1
-1 M} = O(1) which implies o1 [SP} =

min [ N min

is a block diagonal matrix with block
diagonal elements
sample covariances (see [26] and [27]), o
O(1/V/N).

It follows that H(SfQQ)T , = ot (SPQ2) = O(1/V/N), which, inserted in (B.85) gives
the desired result ||F o, = O(1/v/N). With a similar calculation we could also show that in
OFcca = [ eeaY, |Fecal, = O(1/VN).

2 As an anonymous reviewer has pointed out.

September 27, 2006 DRAFT



(1]

(2]

(3]

(4]
(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

[14]

[15]

(16]
(7]

(18]

(19]

(20]

[21]

44

REFERENCES

H. Akaike, “Markovian representation of stochastic processes by canonical variables,” SIAM J. Control, vol. 13, pp. 162—
173, 1975.

——, “Canonical correlation analysis of time series and the use of an information criterion,” in System Identification:
Advances and Case Studies, R. Mehra and D. Lainiotis, Eds. New York: Academic Press, 1976, pp. 27-96.

D. Bauer, “Some asymptotic theory for the estimation of linear systems using maximum likelihood methods or subspace
algorithms,” Ph.D. dissertation, TU Wien, Austria, 1998.

——, “Asymptotic properties of subspace estimators,” Automatica, vol. 41, pp. 359-376, 2005.

——, “Comparing the CCA subspace method to pseudo maximum likelihood methods in the case of no exogenous inputs,”
Journal of Time Series Analysis, vol. 26, pp. 631-668, 2005.

D. Bauer and M. Jansson, “Analysis of the asymptotic properties of the MOESP type of subspace algorithms,” Automatica,
vol. 36, pp. 497-509, 2000.

D. Bauer and L. Ljung, “Some facts about the choice of the weighting matrices in Larimore type of subspace algorithm,”
Automatica, vol. 38, pp. 763-773, 2002.

P. Caines and C. Chan, “Estimation, identification and feedback,” in System Identification: Advances and Case Studies,
R. Mehra and D. Lainiotis, Eds. Academic, 1976, pp. 349—-405.

A. Chiuso, “On the relation between CCA and predictor-based subspace identification,” in Proc. of the 44rd IEEE Conf.
on Dec. and Control, Sevilla, Spain, 2005.

——, “Asymptotic equivalence of certain closed-loop subspace identification methods,” in Proc. of SYSID 2006, Newcastle,
Australia, 2006.

——, “Asymptotic variance of closed-loop subspace identification algorithms,” IEEE Trans. on Aut. Control, vol. 51, no. 8,
pp. 1299-1314, 2006.

——, “On the role of Vector AutoRegressive modeling in subspace identification,” in Proc. of CDC 2006 (to appear),
San Diego (USA), Dec. 2006.

A. Chiuso and G. Picci, “The asymptotic variance of subspace estimates,” Journal of Econometrics, vol. 118, no. 1-2, pp.
257-291, 2004.

——, “Asymptotic variance of subspace methods by data orthogonalization and model decoupling: A comparative analysis,”
Automatica, vol. 40, no. 10, pp. 1705-1717, 2004.

——, “Numerical conditioning and asymptotic variance of subspace estimates,” Automatica, vol. 40, no. 4, pp. 677-683,
2004.

——, “On the ill-conditioning of subspace identification with inputs,” Automatica, vol. 40, no. 4, pp. 575-589, 2004.
——, “Consistency analysis of some closed-loop subspace identification methods,” Automatica, vol. 41, no. 3, pp. 377-391,
2005.

——, “Prediction error vs. subspace methods in closed-loop identification,” in Proc. of the 16th IFAC World Congress,
Prague, July 2005.

N. Chui and J. Maciejowski, “Criteria for informative experiments for subspace identification,” Intl. Journal of Control,
vol. 78, no. 5, pp. 326-344, 2005.

U. Desai and D. Pal, “A realization approach to stochastic model reduction,” IEEE Transactions Automatic Control, vol. 29,
pp. 1097-1100, 1984.

T. Ferguson, A Course in Large Sample Theory. Chapman and Hall, 1996.

September 27, 2006 DRAFT



[22]
(23]
(24]
[25]
(26]
(27]

(28]

[29]
(30]

[31]
(32]

(33]

[34]

(35]

(36]

(371

(38]
(39]

[40]

[41]

(42]

[43]
[44]

[45]

45

H. Gazzah, P. Regalia, and J. Delmas, “Asymptotic eigenvalue distribution of block Toeplitz matrices and application to
blind SIMO channel identification,” IEEE Transactions on Information Theory, vol. 47, no. 3, pp. 1243-1251, March 2001.
M. Gevers and B. Anderson, “On jointly stationary feedback-free stochastic processes,” IEEE Trans. Automat. Contr.,
vol. 27, pp. 431-436, 1982.

G. Golub and C. Van Loan, Matrix Computation, 2nd ed. The Johns Hopkins Univ. Press., 1989.

C. Granger, “Economic processes involving feedback,” Information and Control, vol. 6, pp. 28—48, 1963.

U. Grenander and G. Szego, Toeplitz Forms and their Applications. Chelsea, 1958.

E. Hannan and M. Deistler, The Statistical Theory of Linear Systems. Wiley, 1988.

E. Hannan and D. Poskitt, “Unit canonical correlations between future and past,” The Annals of Statistics, vol. 16, pp.
784-790, 1988.

H. Hotelling, “Relations between two set of variables,” Biometrica, vol. 28, pp. 321-377, 1936.

M. Jansson, “Asymptotic variance analysis of subspace identification methods,” in Proceedings of SYSID2000, S. Barbara
Ca., 2000.

——, “Subspace identification and ARX modeling,” in Proceedings of SYSID 2003, Rotterdam, 2003.

T. Katayama and G. Picci, “Realization of stochastic systems with exogenous inputs and subspace system identification
methods,” Automatica, vol. 35, no. 10, pp. 1635-1652, 1999.

W. Larimore, “System identification, reduced-order filtering and modeling via canonical variate analysis,” in Proc. American
Control Conference, 1983, pp. 445-451.

——, “Canonical variate analysis in identification, filtering, and adaptive control,” in Proc. 29th IEEE Conf. Decision &
Control, Honolulu, 1990, pp. 596-604.

——, “Large sample efficiency for ADAPTX subspace identification with unknown feedback,” in Proc. of IFAC
DYCOPS’04, Boston, MA, USA, 2004.

R. Lewis and G. Reinsel, “Prediction of multivariate time series by autoregressive model fitting,” J. of Multivariate Analysis,
vol. 16, pp. 393-411, 1985.

A. Lindquist and G. Picci, “Canonical correlation analysis, approximate covariance extension and identification of stationary
time series,” Automatica, vol. 32, pp. 709-733, 1996.

L. Ljung, System Identification; Theory for the User. Prentice Hall, 1997.

K. Peternell, W. Scherrer, and M. Deistler, “Statistical analysis of novel subspace identification methods,” Signal Processing,
vol. 52, pp. 161-178, 1996.

S. Qin and L. Ljung, “Closed-loop subspace identification with innovation estimation,” in Proceedings of SYSID 2003,
Rotterdam, 2003.

——, “Parallel QR implementation of subspace identification with parsimonious models,” in Proceedings of SYSID 2003,
Rotterdam, 2003.

C. Rao, “Representations of the best linear unbiased estimators in the Gauss-Markov model with a singular dispersion
matrix,” J. Multivariate Anal., vol. 3, pp. 276-292, 1973.

T. Soderstrom and P. Stoica, System Identification. Prentice-Hall, 1989.

P. Van Overschee and B. De Moor, “Subspace algorithms for the stochastic identification problem,” Automatica, vol. 29,
pp. 649-660, 1993.

——, “N4SID: Subspace algorithms for the identification of combined deterministic— stochastic systems,” Automatica,

vol. 30, pp. 75-93, 1994.

September 27, 2006 DRAFT



46

[46] ——, “A unifying theorem for three subspace system identification algorithms,” Automatica, vol. 31, no. 12, pp. 1853-1864,
1995.

[47] M. Verhaegen, “Identification of the deterministic part of MIMO state space models given in innovations form from
input-output data,” Automatica, vol. 30, pp. 61-74, 1994.

[48] H. Werner and C. Yapar, “On inequality constrained generalized least squares selections in the general possibly singular
Gauss-Markov model: A projector theoretical approach,” Linear Algebra and its Applications, vol. 237/238, no. 1-3, pp.
359-393, 1996, special issue honoring Calyampudi Radhakrishna Rao.

September 27, 2006 DRAFT



